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Abstract. In this paper we show existence of finite energy solutions for the 
Cauchy problem associated witii a semilinear wave equation with interior damp- 
ing and supercritical source terms. Tiie main contribution consists in dealing 
with super-supercritical source terms (terms of the order of lul*" with p > 5 in 
n = 3 dimensions) , an open and highly recognized problem in the literature on 
nonlinear wave equations. 



1. Introduction 
Consider the Cauchy problem: 

fSW) I "** -Au + f{u) + g{ut) = a.e. {x, e K" x [0, oo); 

\ (w,Ui)L=o = K>'"i)> a.c. .tgM". 

We are interested in the existence of weak solutions to (SW) on the finite energy 
space x L^(]R"). We will work with the following notation : | • denotes 

the U'{Vl) norm, while for the norm we simply use | • |a; when there is no danger 
of confusion we simplify the notation | • |p^n to | • \p. 

For the sake of exposition, we will focus on the most relevant case of dimension 
n — but the analysis can be adapted to any other value of n. In this case, we 
classify the interior source / based on the criticality of the Sobolev's embedding 
Ifi(M'^) Lf'(M'^) as follows: (i) subcritical: 1 < j9 < 3 and critical: p = 3. 
In these cases, / is locally Lipschitz from H^{R^) into _L^(1R''); (ii) supercritical: 
3 < p < 5. For this exponent / is no longer locally Lipschitz, but the potential 
well energy associated with / is still well defined on the finite energy space; (iii) 
super-supercritical: 5 < p < 6. The source is no longer within the framework of 
potential well theory, due to the fact that the potential energy may not be defined 
on the finite energy space. 
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1.1. Assumptions. Throughout the paper we will impose the following conditions 
on the source and damping terms: 

(Ag) g is increasing and continuous with ^(0) — 0. In addition, the following 
growth condition at infinity holds: there exist positive constants 1^, such that 
for \s\ > 1 we have ;™|sr+i < g{s)s < L™|sr+i with m > 0. 

(Af) / e C^(M) and the following growth condition is imposed on /: 

\f'iu)\ < C\u\P~^ for |s| > 1 

P 

where p G [1, 6) satisfies either (a) 1 < p < 3, m > or (b)pH < 6/(1 + 2e) for 

TO 

some e > 0, where m > is the growth exponent from (Ag). 

Remark 1. Note that the Assumption (A/) allows for both types of supercriticality. 
Also, (A/) guarantees that / is locally Lipschitz from H^~^{M.^) L^^(M'^). 

Definition 1.1. Let ■— ^ ^ i^iT), T > 0, where C M"^ is an open connected 
set with smooth boundary dfl. Let / and g be two real valued functions / and g 
which satisfy (A^) and (Ag), and further suppose that uq G Hq{^1) n L^'+^(ri) and 

A weak solution on fix of the boundary value problem 

{Uft - Au + f{u) + g{ut) = in VLt; 
(M,Ut)|t=o = ("o,«i)inr!; 
u^Qondnx (0,r). 

is any function u satisfying 

u e c(o,T; Hl{n)) n LP+\nT), ut e L^(f^T) n L™+^(f^T), 

and 

{u{x, s)4)tt{x, s) + Vu{x, s) ■ V(/)(a;, s) + /(x, s, u)(j){x, s) 

+ g{x, s,Ut)4>{x, s)^ dxds — J (^ui{x)(j){x,0) — uo{x)(j)t{x,0) 
for every e C^{n x (-oo, T)). 



dx 



Remark 2. A weak solution for the Cauchy problem (SW) is defined by taking in 
the above definition il = M" with no boundary conditions. 

1.2. Relationship to previous literature. Significance of results. Semilinear 
wave equations with interior damping-source interaction have attracted a lot of 
attention in recent years. In the case of subcritical source /, local existence and 
uniqueness of solutions are standard and they follow from monotone operator theory 
[T]. In [S], the authors considered the case of polynomial damping and source, i.e. 
g{ut) — |uf|™~^Uf and f{u) = and showed that if the damping is strong 

enough (to > p), the solutions live forever, while in the complementary region 
m < p, the solutions blow-up in finite time. For supercritical interior sources, 
[2] J [7] and [TS] exhibited existence of weak solutions for a bounded domain il, 
under the restriction p < 6m/ {m + 1), while [17 obtained the same results for 
= M^, and compactly supported initial data, with p < 6to/(to -|- 1). In this case, 
it was shown additionally by [14j that if the interior damping is absent or linear, 
the exponent p may be supercritical, i.e. p < 5; also, in [14j the initial data may 
not be compactly supported. The case of super-supercritical sources on a bounded 
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domain was analyzed and resolved recently in [5], 0], [S]. The authors considered 
the wave equation with interior and boundary damping and source interactions, 
and proved existence and uniqueness of weak solutions. Moreover, they provided 
complete description of parameters corresponding to global existence and blow-up 
in finite time. We will provide more details on these results in the next section. 

Our paper provides existence of solutions to wave equations on M'^ for the case of 
super-supercritical sources. The method used will also provide an alternative proof 
in the case of supercritical (and below) interior sources. Thus our paper extends the 
known existence results to the super-supercritical case (we include the dark shaded 
regions 5 < p < 6). We summarize our results and improvements over previous 
literature with the following illustration: 




1 3 5 6 p 



Note that for the range of exponents m > p (region I above) one expects global 
existence of solutions, while for m < p the solutions may blow up in finite time 
(according to the preliminary results of |8j|2]|3l[5 obtained on bounded domains). 

2. Preliminaries 

We include in this section the following theorems which were proved in [T3] and 
which will be used in the proof of our main result. 

Theorem 2.1. (Existence and uniqueness of solutions for dissipative wave 
equations with Lipschitz source terms) Let cM.^ be a bounded domain with 
smooth boundary dfl, and let the functions f and g satisfy assumptions (Af), (Ag), 
where f is globally Lipschitz. Let ito,wi G Hq^H) x L'^{fl) and T > arbitrary. 
Then the boundary value problem 

{Utt — Au + f{u) + g{ut) = a.e. {x, t) e ^ x [0, oo); 
u(x,i) = 0, a.e. {x,t) e dn x [0,oo); 
(">'"t)L=o = (Wo^wJ, a.e. xen. 

admits a unique solution u on the time interval [0,r] in the sense of the Definition 
[TTJ I.e., 

u e c{o,T; H^{n)) n LP+'^inr), ut £ L^{nT)r\L"'+^{nT). 

The finite speed of propagation property is known to hold for wave equations with 
nonlinear damping and/or with source terms of good sign, i.e. their contribution to 
the energy of the system is decretive. The following theorem states that the property 
remains true for source terms of arbitrary sign, as long as they are Lipschitz (for a 
proof see [H]). 



4 



LORENA BOCIU AND PETRONELA RADU 



Theorem 2.2. (Finite speed of propagation) Consider the problem (SWB) 
under the hypothesis of Theorem \2.1\ Then 

(1) if the initial data Uq, Mi is compactly supported inside the ball B(xq, R) C fi, 
then u{x, t) = Q for all points x outside B(xq, R + t); 

(2) if {uo,ui), (yo,vi) are two pairs of initial data with compact support, with 
the corresponding solutions u{x,t), respectively v{x,t), and uo{x) = vq{x) for x G 
B(xo,R) C ri, then u{x, t) = v(x, t) inside B(xq, R — t) for any t < R. 

We conclude this section by stating the following result which appears in [SJ U] 
and whose analog on M.^ we will prove in the next section. 

Theorem 2.3. (Local existence and uniqueness in the case of interior and 
boundary damping-source interactions) Consider the wave equation on an 
open bounded domain C 

{Utt — Au + f{u) + g{ut) — in X [0, oo) 
u = ondnx [0,oo) 
u(0) = uo e H^ifl) and Ut{0) = ui e L'^{n) 

under assumptions (Af), (Ag) above. If p > 3, we additionally assume that f G 
C^(M), and \f"{s)\ < C\s\^^'^ . Then there exists a local in time unique weak 
solution u G C[(0, T^), (fi)] H [(0, T/i/), i^(ri)], where the maximal time of 
existence Tm > Odepends on initial data |(itOj wi)|//i(f2)xL2(f2), and Im given by 

Remark 3. The condition |/"(s)| < C|s|^~^ is needed for the uniqueness, but not 
for the existence of solutions. 



3. Local in time existence of solutions to the Cauchy problem 
Our main result states: 

Theorem 3.1. (Existence of weak solutions) Let {uq,ui) G i?Q(M'') x L^(M'^) and 
consider the Cauchy problem 



(SW) 



Utt — Au + f{u) + g{ut) — Q a.e. in E" x [0, oo); 



where f and g satisfy (Af)-(Ag). Then, there exists a time T > such that (SW) 
admits a weak solution on [0,T] in the sense of Definition \l.i\ The existence time 
T depends on the energy norm of the initial data and on the constant Im given by 

Proof. We identify the following steps: 



3.L Local existence on bounded domains. Consider for now the problem 
(SWB) where U, is an open, bounded domain with smooth boundary. First we 
will solve the existence problem on such a domain; in the second step we will cut 
the initial data in pieces defined on small domains; finally, we will show how to 
piece together the solutions defined on these small domains to obtain existence of 
solutions on the entire space E'^. 
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Approximation of f: Wc consider the following approximation of equation 
(SWB), with 71 ^ cx) as the parameter of approximation: 

- Am" + /„(u") + 5«) = in X [0, oo) 
= on X [0, oo) 
w"(0) = uo e H^i^) and <(0) = ui G L^{n). 

We construct the approximating functions /„ as follows: let 77 be a cutoff smooth 
function such that: (z)0 < 77 < 1, {ii)ri{u) = 1, if |u| < n, {iii)rj{u) = 0, if |u| > 
2n, and {iv)\-q'{u)\ < C/n. Now construct /„ : H^-^{n) (n) , /„(u) := 

f(u)'q{u). This means that 

f/(") , \n\<n 

fn{u) = < f{u)r]{u) , 77, < |u| < 2n. 
[0 , otherwise. 

Claim 1: /„ is locally Lipschitz from H^^^{fl) (iY) (uniformly in n). 

In the sequel we will use the notation 777, — . In order to prove the claim, we 
consider the following three cases: 

Case 1: |u| , < n. Then |/„(-u) - fn{v)\fn = \f{u) - f{v)\,n and we already 
know that / is locally Lipschitz from iJ^~^(ri) — > U"{il). 

Case 2: 77, < \u\ , \v\ < 2n. Then we have the following computations: 

(3) \fn{u) - /„(w)U = \f{u)v{u) - f{v)T]{v)\jfi 

< 1/(77)77(77) - f{v)ri{u) + f{v)r]{u) - f{v)i]{v)\rh 

< \f{u) ~ /(«)U + ( lj\f{vMu) - V{v)\r dx)"^^"""'^ 

/ /■ \ m/(m+l) 

< 1/(77) - /(7;)U + ( Jj\vr'\v\m^xWiO\n~vr dx) 

Now using the definition of the cutoff function 77 and the fact that |7;| < 277, we 
can see that |7;| max |77'(^) < C and thus (3) becomes 

/ r , , \ m/(m+l) 

(4) \fn{u)-fn{v)\^<\f{u)-f{v)\^+[Jjv\^P''^"^\u-vrdx) 

For the second term on the right side of ([4]), we use Holder's Inequality with p 
and p/{p — 1), the fact that p{m + l)/m < 6/(1 + 2e), and Sobolev's Imbedding 
H^-^{n) L^{n) to obtain 

(5) \Uu)-fniv)ln<\fiu)-f{v)\rH + C\vr,' W - v\ e 

l + 2e l + 

< - /(w)|m + C|i;|^"ii,(j^j|7i - ^1^1-^(0) 

which proves that /„ is locally Lipschitz H^^'^{fl) — > L^^{il,). 
Case 3: If \u\ < n and n < v < 2n, then we have 

|/n(u)-/n(w)U - f{'v)ll{v)\rh 

(6) / r Nm/(m+l) 



1/(77) - /(7;)U+ ( / 1/(77)11 -77(7;)! dx) 
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In ([6|, we can replace 1 — rj{u), since \u\ < n and then the calculations follow 
exactly as in case 2. 

Claim 2: For each n, /„ is Lipschitz from H^{Vl) L^(r2). Again, we consider 
the three cases: 

Case 1: < n and \v\ < n. Then 

(7) \fn{u)-Uv)\n^\f{u)~f{v)\n 

(8) < ( /" C\u - v\^[\u\P-^ + \v\P-^ + 1]2 dx) 

Using Holder's Inequality with 3 and 3/2, the fact that |u| < n and |w| < n and 
Sobolev's Imbedding H^{n) L^{i^), Q becomes 

(9) \fn{u)~ Uv)\n<C,,\Viu~v)\n 

Case 2: n < \u\ , < 2n. Then we use the calculations performed in case 2 of 
Claim 1 and obtain 

(10) \fn{u) - Uv)\n < \f{u) - f{v)\n + ( ^ C\v\'^p-'^u - v\^ dx) 

Now reiterating the strategy used in Case 1, we obtain the desired result. As 
before, the case when |u| < n and n < \v\ < 2n reduces to case 2. 

Claim 3: |/„(u) - /('")l^^(j^j ^ as n oo for all u e H^{n). This 

can be easily seen, since |/„(u) — f{u)\ — \f{u)\\r]{u) — 1| shows that /„(u) 
f{u) a.e. (because / is continuous and 77 — > as n — > 00. Then we also have 
that |/„(m)| < 2|/(m)| and f{u) G L'^(r2), for u e iJi(r2). Thus by Lebesgue 
Dominated Convergence Theorem, fn—^f^T^ L~^(Cl). 

Since g and /„ satisfy the assumptions of Theorem 2.1, then its result holds 
true for each n with Tm{\{uq ,Ui)\Hi-(n)xL^{n)ilm) (with Tm uniform in n), i.e for 
each n, there exists a pair {u^{t),Uf{t)) e C(0, T; i7^(ri) x L^(ri)) which solves the 
approximated problem (pi. Thus u"(i) satisfies the following variational equality: 
for any G H'^{n) n L"^{n), we have: 

(11) ^^{u^{t),<p)n + (^"(0, 0)//Mo) + Un{u'^{t)),<P)n + {gW^ {t)) A)n) - 0. 

We will prove that this sequence of solutions u" has, on a subsequence, an ap- 
propriate limit which is a solution to the original problem (SWB). 

By using the regularity properties of the solutions u", we apply the energy iden- 
tity to the "n" -problem and obtain that for each < T < Tmax, we have 

(12) 

1(K{T)\1 + \Vu^T)\1]+ f Uu-{t))unt)dxdt+ f g{u^{t))u^{t)dxdt 

A-priori bounds: Remember the assumptions on g and /: 

• g{s)s > Z™|s|™+i for |s| > 1 

• /„ is locally Lipschitz: H^{il) L^^(ri) 
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Going back to (12 1, we estimate the terms involving the source /„ by using 
Holder's Inequality with m — ^^^^ and m + 1, followed by Young's Inequality with 
the corresponding components. For simplicity, in the following computations we 
use u(i) instead of u^{t). 

fn{u{t))ut{t)dx < / \fn{u{t)\,n ■ \ut{t)\m+ldt 
SIt "'0 

(13) <£i rMt)\^tidt+c,, r \uu)\zdt 



<£i f \umZX\dt + C,,L%{K) f \yu{t)\^dt + C,,CfT 
Jo Jo 



Combining (12 1 with ( [13^ and using the growth conditions imposed on g, we 
obtain: 



I {\MT)\h + iVu(T)l^) + /,„ ^ \ut{t)\ZXl dt C,jT 

< l{\MO)\'n + |Vu(0)|^,) + ei \u,{t)Ctl dt + C,,Lf{K) \yu{t)\^ dt 

Choosing ei < ^ and since m > 1, we obtain that for all T < Tmax, we have 

(14) |<(T)|2 + \Vu-{T)\l < [\unO)\l + + CT] ■ e^'™.-^, 

where C = C{g, /, Si,m) and C;,„ = Ce^Lf{K). 
Also, we have 

(15) ^ K(*)ir'^+i(f2) < C'|«ol„i(s,).l"i|n,T„„,- 



From (15), combined with the growth assumptions imposed on the damping g, 
we obtain that 

(16) / \g{u-{t))rdxdt< [ LXit)r^'dxdt 

i-T 

im+l 



|ut(t)|"„+wf2) dt < C|v„o|s,J„i|s,,T,„„, 



Therefore, on a subsequence we have 

(m",^^ ^ (u",0 weakly in H\n) x L^{n) 
u1 -> ut weakly in L™+i(0, T; n) 
g{u^) g* weakly in (0, T; n) , for some g* e (0, T; Q.). 

We want to show that g* = g{ut). In order to do that, consider and u" be 
the solutions to the approximated problem corresponding to the parameters m and 
n. For sake of notation, let u{t) = u'^{t) - u^it) and Ut{t) = u^it) - u^{t). Then 
from the energy identity we obtain that for any T < T^ax we have 

\\ut{T)\l + \\u{T)\l,^,,^ + ^ {fn{u'\t)) - f„,{u"\t)))ut{t) dxdt 
(17) + / (g«(i)) - g{u'r{t)))ut{t) dxdt - 
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First we will show that / {fn{u^{t))—fm{u"^{t))){ut{t)) dxdt — > as m, n — > oo. 



Recall that m — and | • |s = | • |l'(o)- Using Holder's Inequality with to and 
TO + 1, we obtain: 

[/„(""(*)) - fm{u'^mnt{t)dxdt < I [fn{u^{t)) - Uu{t))]ut{t)dxdt 
[fn{u{t)) - f{u{t))]ut{t)dxdt + [ [f{u{t)) - f„MmMt)dxdt 
+ [ [/„Ki))-/„(u'"(i))]ut(t)dxdt < / \fn{u"{t)) ^ Uumrn\ut{t)U+ldt 

+ / \fn{u{t)) ~ f{u{t))\,H\ut{t)\m+ldt+ [ \f{u{t)) - fMt))\rh\ut{t)U+ldt 
JQ JQ 
T 



+ / \f7n{u{t)) - f„^{u„^{t))\^^\ut{t)\m+ldt 



Now we use the fact that / is locally Lipschitz H ^(il) L"^{fl) and obtain: 
[/„K(t)) - U{u^mut{t)dxdt < f L{K)\u"{t) - u{t)\Hi-.in)\ut{t)\m+idt 

Qt JQ 
+ I \fn{u{t))- f{u{t))\^\ut{t)\ra+ldt+ [ | ) - /„, ) U | z2t (i) 

Jo Jo 
(18) 

+ / L{K)\u"'it) ^ uit)\Hi-.(^n)\Mt)\m+idt. 
Jo 

We know that u"(i) u{t) weakly in H^{il) and since the embedding if ^"^(fi) C 
H^{^1) is compact, we get that M"(t) — > u{t) strongly in H^~^{^1). We also know that 
\fn{u) — f{u)\m — > as n — > OO (and same for to) and that \ul^{t) — u^{t)\m+i,(i < C 
for t < Trnax- Thus from ((Tsl) we obtain the desired result 



[fn{u^{t)) - f„,{u'^{t))]ut{t) dxdt ^ as m, n c». 



Now we let to, n — s- cx) in ( 17) and remembering that g is monotone, we obtain: 

(19) lim \\u-{T) - ii™(r)ll^i(o) + \<{T) - uT{T)\l] = 
and 

(20) lim / [g{u^{t))-g{uTmnt{t)dx = Q. 



m.n — *oo 



Since now we know that u" ut weakly in L"'+^(0, T; il) and g{ui) g* weakly 

in (0, T; fi), and we also showed that limsup„j n-^ooCsC""") "^t ~'^T) ^ 

0, then by Lemma 1.3 (p.42) in Ij, we obtain that g* — g{ut) and (g(M"),u")s7 
{g{ut),ut)n- 

Since |/n(u) — /(m)|a — > as n ^ oo, it follows that fn{u'^{t)) f{u{t)) in 
L™(f}), as m" ^ It weakly in iJi(r2). 



We are now in the position to pass to the limit in (111 and obtain the desired 
equality on bounded domains. 
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3.2. Cutting the initial data. Consider now a pair of initial data (mo,mi) G 
H^{M.'^) X L^(M'^) and let K be an upper bound on the energy norm of the initial 
data, more precisely take K such that 

(21) |Vwo|k3 + |ui|r3 < if. 
We find r such that 

K K 

(22) |Vuo|B(:r„.r) < \ui\B{xo,r) < 
2(C*tJ3)5 (|Vuo|B(a:o,r) + 1^0 |B(:ro,r)) < ^, 

where ^3 is the volume of the unit ball in M.^ and C* is the constant from the 
Sobolev inequality (which does not depend on xq nor r). It can be easily shown 
that the above inequalities are satisfied by r chosen such that 

K K 

(23) \Uo\b(xo,t) < —— -T, \ul\B{xo,r) < "T ' 



\'^Uo\B{xo,r) < min 



K K 



4 8(C*tJ3)3 

The fact that r can be chosen independently of xq is motivated by the equi- 
integrability of the functions uo,Vuo,ui. For each of the functions mo,Vuo,ui we 
apply the following result of classical analysis: 

// / G L^{A), with A a measurable set, then for every given e > 0, there exists a 
number 5 > Q such that Jg \ f{x)\dx < e, for every measurable set E <Z A of measure 
less than 5 (see [Blj. 

Note that 5 in the above result does not depend on E, hence r does not vary 
with Xq. 

From Theorem |2.3| it follows that the solution exists up to time T{K) (which 
depends on K, but it does not depend on xa) on all balls -B(a:o, r), x^ G K'^, provided 
that uq G -//q (-B(a;o, r)). In order to obtain that uq has zero trace on dB{xo,r) we 
multiply it by a smooth cut-off function 9 such that 



|x — xol < r/2 
\x - xol > r 



e{x) = I 

and 

(24) |»U.B(.o,r) < 1, |V0|oo.B(.o,r) < 1- 

Such 9 can be obtained from a mollification which approximates the Lipschitz func- 
tion 

fl, \x~Xo\<r/2 
6*0(3::) = < 2 - 2|a; - xol/r, r/2<\x-Xo\<r 
[0, \x - xq\ > r. 

We denote by 

Uq° = 0uo, ul" = ui, 
and by u^" the solution generated by {uq°,u^°). In order to show that 

(25) |V<«|b(.o) + I<1b(.o) 
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we start with the following estimate 

(xo,r) — l^loo,S(a;o,r) l^'^O |2,S(2;o,r) + loo,B(a:o ,r) I'^^O 1 2,S(a:o ,r) • 



By (24), (22 1, Holder's inequality, followed by Sobolev's inequality we conclude that: 
K 



|Vug°|2,S(a:o,r) < ^ + \B {xq, r)\3 ^\uo\e.Bixo,r) 



K 1 tHHl K K K 

<-+ 2(C*W3)3 (|Vuo|2,S(.o,r-) + \uo\2M^o.r)) ^ "T + T ^ T " 



Thus we showed that the pair (uq" , ) satisfies ( 25 1 



3.3. Patching the small solutions. The key argument that we use in order to 
construct the solution to the Cauchy problem from the "partial" solutions to the 
boundary value problems set on the balls B(xo, r) constructed in section 3.2 uses an 
idea due to Crandall and Tartar. They first used this type of argument to obtain 
global existence of solutions for a Broadwell model with arbitrarily large initial 
data starting from solutions with small data (see [IB])- Subsequently, the second 
author has recast it in the framework of semilinear wave equations and showed local 
existence of solutions for (SW) on the entire space M.^ (see [Hj); the argument may 
also be employed on bounded domains as it was done in |15j . 

Step 1. Construction of partial solutions. Consider a lattice of points in M.^ 
denoted by xj situated at distance d > from each other, such that in every ball of 
radius d we find at least one xj. Next construct the balls Bj :— B{xj,r/2), where 
r is given by (22 1 and inside each Bj take a snapshot of the initial data. More 
precisely, construct (wq^ , u^O by the procedure used in subsection 3.2. On each of 
the balls B{xj,r) we use theorem 2.1 for the approximated problem given by the 
system ([2| to obtain existence of solutions m^j'" up to a time T{K) independent 
of Xj and of n. These solutions will satisfy the estimate (12 1 on B{xj,r + T{K)). 



Following the arguments from section 3.1 we pass to the limit in the sequence of 
approximations on each of the balls Bj and obtain a solution u^^ . 

Step 2. Patching the small solutions. For j G N let 

C, ■.= {{v,s)eW' X [Q,^)-\y~x,\<rl2-s} 

be the backward cones which have their vertices at {xj^r/2). For d small enough 
(i.e. for < d < r /2) any two neighboring cones Cj and C/ will intersect. 

t 



r/2 
{r-d)/2 



d 










/ / 


hi 







a;/ 



r/2 



The intersection of the cones Cj and C; 
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For every set of intersection 

'■= Cj n Ci 

the maximum value for time contained in it is equal to (r — d) /2 (see figure above). 
For t < r/2 we define the piecewise function: 

(26) u{x,t) := u'''{x,t), if {x,t) € Cj. 

This solution is defined only up to time (r — d)/2, since the cones do not cover the 
entire strip x (0, r/2). By letting d ^ we can obtain a solution well defined up 
to time r/2. Thus, we have u defined up to time r/2, which is the height of all cones 
Cj. Every pair {x,t) G x (0,r/2) belongs to at least one Cj, so in order to show 



that this function from (26) is well defined, we need to check that it is single- valued 
on the intersection of two cones. Also, we need to show that the above function is 
the solution generated by the pair of initial data (uq, ui). Both proofs will be done 
in the next step. 



Step 3. The solution given by (26) is valid. To show that u defined by 



(26) is a proper function, we use the same result of uniqueness given by the finite 
speed of propagation. First note that for n > 3 the intersection Ijj is not a cone, 
but it is contained by the cone Cj^i with the vertex at {{xj + xi)/2, (r — d)/2) of 
height (r — d)/2. In this cone we use the uniqueness asserted by the finite speed of 
propagation as follows. Recall that the approximations /„ are Lipschitz inside the 
balls {B{xj,r)}j^s.^, hence the finite speed property holds for the solutions u-''". 
First note that the cones Cj^i contain the sets Ijj, but Cjj, C Cj U C/. In Cj and 
Ci we have the two solutions w^^" and w''" hence, in Cj^i we now have defined two 
functions which can pose as solutions. Since u-''" and u''" start with the same initial 
data {{uq,u\) — {uq,ui) — {uq,u{) on Bj n Bi), hence they are equal in Cj^i; since 
Ij.i C Cj,i we proved m^^" = m''" on Ijj. By letting n oo we get = on Ijj. 
Therefore, u is a single-valued (proper) function. 

Finally, the fact that this constructed function u is a solution to the Cauchy 
problem (SW) is immediate since it satisfies both, the wave equation and the initial 
conditions. 

Remark 4. (on global existence) The above method of using cutoff functions 
and "patching" solutions based on the finite speed of propagation property will 
work the same way in the case when we have global existence on bounded domains. 
Since we can choose the height of the the cones as large as we wish the solutions 
exist globally in time. 

Remark 5. (on uniqueness) In (4j the authors showed under the same assump- 
tions (Ay), (Ag) that the boundary value problem (SWB) admits a unique solution 
(in fact, the result was shown in the presence of damping and source terms in the 
interior and on the boundary. The methods employed here seem to preclude us 
from obtaining a corresponding result for the Cauchy problem (SW) since they are 
obtained by passing to the limit in sequences of approximations. 



□ 
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